We construct the quantum group GLq(2) as the semi-infinite cohomology of the tensor product of two braided vertex operator algebras based on the algebra W2 with complementary central charges c +c = 28. The conformal field theory version of the Laplace operator on the quantum group is also obtained.
Introduction
We have shown in [7] that the quantum group SL q (2) admits a realization as the semi-infinite cohomology of the Virasoro algebra with coefficients in the tensor product of two braided vertex operator algebras (VOA) with complementary central charges c +c = 26. At the end of the paper we have discussed extensions of our results to higher ranks and more general W -algebras (see e.g. [1] and references therein). In the present paper we consider a simplest generalization of this type, namely the algebra W 2 , which is the semi-direct sum of the Virasoro and the Heisenberg algebra. We prove that the semi-infinite cohomology of W 2 in the tensor product of two appropriate braided vertex operator algebras yields the quantum group GL q (2). The central charges of the two braided VOAs add up to the critical value for W 2 , namely c +c = 28.
It is well known that one can develop the calculus of differential forms on GL q (2) and define the q-analogues of partial derivatives and the quantum version of Laplace operator. Since GL q (2) is realized as semi-infinite cohomology of W 2 , one can look for a "lift" of various structures on the quantum group to the corresponding braided VOA. In this paper we do find a simple operator on the braided VOA that commutes with the action of W 2 and induces the quantum Laplace operator on the cohomology. This suggests that other structures of noncommutative geometry might admit equally simple and natural realization in terms of chiral two-dimensional conformal field theory.
The structure of the paper is as follows. In Section 2 we recall the basic facts about representation theory of U q (gl (2) ). In Section 3 we discuss W 2 and related semi-infinite cohomology complex. In Section 4 we construct the intertwining operators for W 2 and related braided VOA (see [12] , [7] ). In Section 5 we find realization of GL q (2) as the semi-infinite cohomology of certain braided VOA and write a simple formula for the quantum Laplace operator using a Fock space realization of W 2 modules.
U q (gl(2)), its representations and intertwining operators
Let U q (gl(2)) be the Hopf algebra over C(q) with generators E, F, q ±H , I and commutation relations:
and I is a central element. The comultiplication is given by ∆(I) = I ⊗ 1 + 1 ⊗ I,
The universal R-matrix for U q (gl(2)), which is an element of a certain completion of U q (gl(2)) ⊗ U q (gl(2)), is given by: . For any given pair V, W of representations, R-matrix gives the following commutativily isomorphism:Ř = P R : V ⊗ W → W ⊗ V , where P is a permutation: P (v ⊗ w) = w ⊗ v.
Let λ ∈ Z + and k ∈ Z. We denote by V λ,k the finite dimensional irreducible representation of U q (gl(2)), such that V λ,k is the highest weight representation with the highest weight λ for the subalgebra U q (sl(2)) of U q (gl(2)), and k is the eigenvalue of central element I.
One can construct the intertwining operators for finite dimensional representations, i.e. elements of Hom(V λ,l ⊗ V µ,m , V ν,n ) and Hom(V ν,n , V λ,l ⊗ V µ,m ). The following Proposition holds:
Proof. Proof follows from a similar fact from U q (sl(2)) representation theory.
The same statement holds for intertwiners from Hom(V ν,n , V λ,l ⊗ V µ,m ). The next proposition gives quadratic relations between intertwiners and will be very crucial in the following.
such that the following diagram is commutative:
This fact follows from a similar fact from the representation theory of U q (sl(2)). Moreover, when the braiding matrix
is not equal to zero, it is equal to
where B V is the braiding matrix of U q (sl(2)). Let's now denote by φ ν,n λ,l;µ,m the generating element of Hom(V λ,l ⊗ V µ,m , V ν,n ) and by φ λ,l;µ,m ν,n the generating element of Hom(V ν,n , V λ,l ⊗ V µ,m ). Then Proposition 2.2. gives the following quadratic relations between intertwining operators:
(1 ⊗ P R)φ λ1,l1;λ2,l2 ρ φ ρ,r;λ3,l3 λ0,l0 
has been extensively studied for many years. Here we need only basic facts. Let us denote by Mĉ ,h and Vĉ ,h the Verma module and irreducible module (with highest weight h), correspondingly. Throughout the paper we will consider only generic values ofĉ. This means that the central chargeĉ is parametrized in the following way:ĉ
where parameter κ ∈ R\Q. Then we have the following proposition (see e.g. [2] and references therein).
Proposition 3.1. For generic value ofĉ, Verma module Mĉ ,h has a unique singular vector in the case if h = h m,n , where
This singular vector occurs on the level mn, i.e. the value of L 0 is h m,n + mn.
In the following we will be interested in the modules with h = h 1,n = ∆(λ), where
where V ∆(λ),ĉ is the irreducible Virasoro module with the highest weight ∆(λ). and denote by F λ,κ the Fock module associated to this algebra. Namely, F λ,κ = S(α −1 , α −2 , . . . ) ⊗ 1 λ , such that a n 1 λ = 0 if n > 0 and a 0 1 λ = λ1 λ (λ ∈ C). It is well known (see e.g. [2] , [5] and references therein) that F 0,κ gives rise to the vertex operator algebra, generated by the field α(z) = a n z −n−1 , such that deg(a(z)) = 1 which has the following operator product expansion (OPE):
(3.5)
We will denote this vertex algebra as F 0,κ (α). The following Proposition holds.
Proposition 3.2. Vertex algebra F 0,κ (a) has a vertex operator algebra structure, where the vertex operator, corresponding to the Virasoro element, is given by the following formula: 
The pair of central charges (c, η) determine the algebra. Throughout this paper we will use the following parameterization of the central charge:
Moreover, we will require, that κ ∈ R\Q. However, for any representation of W 2 algebra one can find a direct sum of Virasoro and Heisenberg algebras acting in the same representation. Let us define generators
where symbol :: stands for standard Fock space normal ordering. Then the following Proposition holds.
then L n , a n satisfy the following commutation relations:
10)
We will be interested in the highest weight modules for W 2 algebra
which are the tensor products of the irreducible highest weight representation of Virasoro algebra V ∆(λ),κ , generated by L n and Fock module F k,η for the Heisenberg algebra, generated by a n .
3.3. Ghost VOAs and semi-infinite cohomology for W 2 . In this section we will show how to reduce the semi-infinite cohomology of W 2 to the semiinfinite cohomology of the Virasoro algebra [3] . In the case of W 2 , semi-infinite forms can be realized by means of the following Heisenberg superalgebras:
(3.12)
One can construct Fock modules Λ, Λ ′ in the following way:
Each of Λ, Λ ′ and therefore M has a VOA structure on it, namely, one can define four quantum fields:
which according to the commutation relations between modes have the following operator products:
such that all other operator products do not contain singular terms. The Virasoro element is given by the following expression:
such that b(z), c(z) have conformal weights 2,−1, and ψ(z), χ(z) have conformal weights 0,1 correspondingly. The central charge of the corresponding Virasoro algebra is equal to -28. One can define the following operator:
which is known as ghost number current. One can show that the module W κ,η ∆(0),0 has the structure of the VOA generate by the quantum fields L(z) = n L n z −n−2 , and a(z) = n a n z −n−1 , which have the following operator products (which are equivalent to commutation relations (3.7)):
Let the space W be such that η = 0, c = 28. Then the following Proposition is true.
Proposition 3.4. The operator of ghost number 1
is nilpotent:
The space W ⊗ M is known as a semi-infinite cohomology complex, where the differential is Q, which is sometimes called the BRST operator. The grading in the complex is given by ghost number operator N g . The k-th cohomology group is usually denoted as H ∞ 2 +k (W 2 , Cc, W). In this article we will be interested in computing semi-infinite cohomology for W 2 -modules which have the following form: W = W ⊗W . Here each of W,W are representations of W 2 , with central charges (c, η) (c,η) correspondingly, such that the following relation is satisfied: c +c = 28 and η +η = 0. Let us denote the quantum fields for Virasoro and Heisenberg algebras in W andW as L(z), a(z) andL(z),ā(z) correspondingly. Then the BRST operator on W has the following form:
where a + (z) = a(z) +ā(z). It makes sense to define also the field a − (z) = a(z) −ā(z), which is crucial in the following statement.
Proposition 3.5. The operator Q W can be rewritten in the following form:
Proof. Let us write explicitly the action of the transformationÃ(z) = e R A(z)e −R for every quantum field:
To prove this Proposition we just expand the tilded quantum fields in terms of usual ones:
In other words, by means of similarity transformation, one can transform the BRST operator associated with semidirect sum of Virasoro and Heisenberg algebras to the one associated with the direct sum of those algebras. This Proposition has the following Corollary, which will be crucial for computing the semi-infinite cohomology. Corollary 3.2. All nontrival cycles of the semi-infinite cohomology belong to the kernels of the following operators:
Proof. Let us prove (i) first. We know that [ 
Intertwiners and braided VOAs
In this section we will study braided VOAs. This will provide a necessary framework for the next section, where we will study semi-infinite cohomology and the Lian-Zuckerman multiplication.
4.1. Definition of a braided VOA and the simplest example. First, we give a definition of braided VOAs.
Definition. [7] Let V = ⊕ λ∈I V λ be a direct sum of graded complex vector spaces, called sectors:
, indexed by some set I. Let ∆ λ , λ ∈ I be complex numbers, which we will call conformal weights of the corresponding sectors. We say that V is a braided vertex algebra, if there are distinguished elements 0 ∈ I such that
where 
iv) Braided commutativity (understood in the weak sense 1 ):
where R(u ⊗ v) = i u i ⊗ v i and A z,ω denote the monodromy around the path
4)
as shown on the picture:
v) There exists an element ω ∈ V 0 , such that
and L n satisfy the relations of Virasoro algebra with L −1 = D. vi) Associativity (understood in the weak sense):
The associativity condition puts a restriction on the operator R, namely one can show that matrix R satisfies the Yang-Baxter equation (see [7] , [12] ). The simplest example of braided VOA (which does not reduce to usual VOA) is a natural extension of the VOA F η (a) generated by Heisenberg algebra, considered in the previous section. Let us consider the following space:
Below we will show thatF η carries a structure of braided VOA. The operators
where λ ∈ Z, generate vacuum vectors in Fock modules. It is clear that
where
In such a way, we build the correspondence 12) such that v ∈F η and v (n) ∈ End(F η ). To see the connection with definition of braided VOA, we note that in this case the set I = Z, the sectors are Fock spaces F λ,η , ∆(λ) is the conformal weight of the vacuum. Let |z| > |w|, then
where dots stand for the terms regular in (z − w), hence
14)
where p = e πiη . Here, we underline that the expression above should be understood in a weak sense, i.e. the analytical continuation is performed for the matrix elements of the corresponding operator products. Moreover, the matrix elements of operator product expansion X(λ, z)X(µ, w) exist in the domain |z| > |w| and the analytical continuation relates it to the matrix elements of operator product expansion X(µ, w)X(λ, z), which converge in the domain |w| > |z|. The relation (4.14) is a simplified case of associativity condition, since in our case Y λ λ1λ2 is nonzero only for λ = λ 1 + λ 2 and the R-operator is therefore reduced to the multiplication on some power of p.
In the remainig part of this section we will discuss examples which are more involved. In order to construct them we need to use additional constructions.
4.3.
Intertwiners for Virasoro and W 2 algebras. In [7] we have constructed an intertwiner for Virasoro algebra. This is a map
which has the following property [11] :
Moreover, we have found that they satisfy the relation involving the braiding matrix B V of U q (sl(2)).
. Then the following relation holds:
where P is an interchange operator, namely
Now we show that there exists an intertwining operator between the corresponding irreducible highest weight representations of W 2 algebra.
Proposition 4.2. i)There exists a map
ii) The intertwining operators Φ ν,n λ,l;µ,m (z) satisfy the following quadratic relation:
where p = e πiη , q = e πi κ .
Proof. i) First, we construct an intertwining operator
which obeys the rule
However, we already constructed one, when studied the first example of braided algebra in subsection 4.1. The operator
satisfies the property (4.24). Now we introduce an operator
where Φ ν λ,µ (z) is the intertwining operator for irreducible highest weight modules of Virasoro algebra, generated by L n ≡ L n − 1 4η m : a n−m a m : operators, and therefore is the intertwining operator for the irreducible highest weight representations of W 2 algebra.
The second statement of the Proposition follows from the commutativity condition of Y and similar statement for intertwining operators for Virasoro algebra.
4.4.
From W 2 and U q (gl(2)) to braided VOA. Now we have all necessary tools to build a more sophisticated example of a braided vertex algebra than the one in section 4.1. In [7] we have constructed the braided VOA on the space (4.27) where V λ is an irreducible representation of U q (sl(2)) with highest weight λ and V ∆(λ) are highest weight Virasoro modules discussed in Subsection 3.1., such that the R-operator from braided commutativity relation of F κ is related to the universal R-matrix for U q (sl (2)).
Here we modify the construction of [7] in order to build braided VOA compatible with the W 2 and U q (gl(2)) structures, namely, it will be defined on the space
We define a map
in such a way that
One can see that the sectors for the map Y are given by the spaces G κ,η (l, λ) and the conformal weight of the sector is ∆(λ) + ηk 2 . Let us prove that Y satisfies the braided commutativity relation and compute an explicit expression for the R-operator.
and R is a universal R-matrix for U q (gl (2)). Therefore Y satisfies the braided commutativity relation. One can prove that Y satisfies all other necessary properties along the lines of [7] and we arrive to the following Proposition.
Proposition 4.3. The map Y defines a structure of braided VOA on G κ,η .
The braided VOA G κ,η possesses the following remarkable subalgebras.
Corollary 4.1. G κ,η possesses braided vertex subalgebrasĜ κ,η ,Ĝ + κ,η with the spacesĜ
HereĜ + κ,η is the minimal braided subalgebra of G κ,η , containing subspace G κ,η (1, 1), andĜ κ,η can be obtained from it by extending via subspace G κ,η (−2, −2).
Finally, we mention the following important property. There is a natural action of U q (gl(2)) on G κ,η ,Ĝ κ,η ,Ĝ + κ,η . The next Proposition shows that it is compatible with the braided VOA structure.
Proposition 4.4.
There is a natural U q (gl (2)) action on the vertex algebras G κ,η ,Ĝ κ,η ,Ĝ + κ,η , such that gY = Y ∆(g), where g ∈ U q (gl(2)).
Proof. This is a direct consequence of the definition of Y and the properties of the intertwining operator on U q (gl(2)).
5 GL q (2) as semi-infinite cohomology and Laplace operator.
5.1. Computation of the semi-infinite cohomology. We are interested in computation of the semi-infinite cohomology of the tensor product of the following modules of
the answer is given in the following proposition.
Proposition 5.1. The 0th semi-infinite cohomology group for the tensor product of two irreducible highest weight W 2 modules is given by
Proof. First, to simplify the semi-infinite cohomology operator we use Proposition 3.5. As well as there we have tensor product of W 2 -modules with complimentary central charges. Moreover, the associated semi-infinite complexes formed out of "tilded" variables and original ones are isomorphic to each other. Therefore, we can compute the semi-infinite cohomology using the operator Q ⊕ . Part (ii) of Corollary 3.2. says that H ∞ 2 +0 is nontrivial iff l = m. Part (i) says that λ should be equal to µ, since κ is generic. Part (iii) leads to the fact that only the highest weight vectors of the tensor product of Fock modules F κ,η ⊗F −κ,−η ⊗M ψ,χ (where M ψ,χ is the part of M generated by ψ m , χ n modes) contribute to nontrivial cohomology classes. Hence, the problem is reduced to the computation of the 0th semi-infinite cohomology group of Virasoro modules, i.e. H ∞ 2 +0 (V ir, Cc, V ∆(λ),κ ⊗ V ∆(λ),−κ ), which is known to be equal to C (see [8] , [10] , [6] ). Hence, the proposition is proven.
Let us introduce the following spaces with the structure of braided VOA:
We see thatĜ is a braided VOA subalgebra in G. An immediate consequence of Proposition 5.1. is the following Theorem.
Theorem 5.1. The 0th cohomology groups of the spaces of braided vertex algebras G,Ĝ,Ĝ + are given by
whereV λ,k stands for irreducible representation of U q (gl(2)) after involution q → q −1 .
Now we will define a product structure on these cohomology spaces using the natural product structure on VOA.
5.2.
Ring structure on the semi-infinite cohomology spaces. The LianZuckerman associative product structure is defined on the representatives U , V of the cohomology classes of VOA as follows [10] :
In [7] we have shown that it is also gives an associative algebra structure on the space F = F κ ⊗ F κ . The same reasoning we used in that case applies to G. Hence, we obtain the following Proposition. 9) and det q ≡ AD − q −1 BC is a nonzero element in H ∞ 2 +0 (W 2 , Cc,Ĝ(0, 2)). ii) The element det q has inverse, which belongs to
Remark. One can see that the algebra (H ∞ 2 +0 (W 2 , Cc,Ĝ + ), µ) is a subalgebra of GL q (2) generated by the elements A, B, C, D only, and (H
. In [4] it was defined an extension of this algebra by the invertible element δ, obeying the following commutation relations with the generating elements:
In such a way one can define elements x 11 , x 12 , x 21 , x 22 : The space generated by x 11 , x 12 , x 21 , x 22 will be called, according to [4] , the quantum M inkowski space − time. One can define the quantum Laplacian operator on this space by the formula:
where ∂ 11 ∂ 22 , ∂ 12 , ∂ 21 obey the following commutation relations:
It was shown in [4] that the kernel of quantum Laplacian operator is spanned by elements of the following kind:
Moreover, the operator
is diagonalizable on the quantum Minkowski space-time. 
